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ABSTRACT 
A Leontief directed hypergraph is a generalization f a directed graph, where arcs 
have multiple (or no) tails and at most one head. We define a elass of Leontief 
directed hypergraphs via a forbidden structure called an odd pseudocycle. We show 
that the vertex-hyperarc in idence matrices of the hypergraphs in this class are totally 
unimodular. Indeed, we show that this is the largest class with that property. We 
define two natural subclasses of this class (one obtained by forbidding pseudocycles 
and the other obtained by forbidding pseudocycles and the so-called oublecycles), 
and we describe some structural properties of the bases and circuits of the members 
of these classes. We present examples of Leontief directed hypergraphs that are 
graphic, cographic, and neither graphic nor cographic. 
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1. INTRODUCTION 
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A Leontiefdirected hypergraph G is given by the pair (V, H), where V is 
a finite set of elements called vertices, and H is the collection of hyperarcs 
of G. Each hyperarc e is an ordered pair (J, k), where j ___ v is the set of 
tails of e and k ~ V u {~} \ J is the head of e. (By convention, if J = O 
then k ~ ~.) This definition of directed hypergraph precludes loops in the 
sense of directed graphs. If IJI = 1 and k ~ O, then e is a pure arc, and if 
IJI >i 2, then e is a pure hyperarc; k is denoted h(e), while J is denoted 
t(e). For k ~ V, (k, O) is a (headless) terminal arc, and (O, k) is a (tailless) 
terminal arc. We will abbreviate the term Leontief directed hypergraph by 
LDH. A 2-LDH is an LDH whose hyperarcs have at most two tails. 
The vertex hyperarc incidence matrix of G is a matrix A whose rows and 
columns are indexed on the vertices and hyperarcs of G, respectively. The 
entries in A are defined as follows. For all i ~ V, e = (J, k) ~ H, 
1 if k= i ,  
A~,e = -1  if i ~J ,  
0 otherwise 
One obvious property of these vertex-hyperarc incidence matrices is that 
they have at most one positive element in each column. One class of matrices 
with that property is called Leontief [see Veinott (1968)], whence the term 
Leontief directed hypergraph. 
Given a Leontief directed hypergraph G and costs c[J, k] for all V(j, k) 
H, the Leontiefflow problem, abbreviated LFP, is the linear program: 
(P) minimize • c[ j , l ]x [ j , l ]  
(J,l)~n 
subject o x[j, k] - E ak[ J, l lx[J, II = bk 
(J, k)~n (J,l)~n, k~] 
Vk~V,  
x[J,1] >t0 V( / ,1)  ~n,  
where ak[J, l] are nonnegative r al numbers, x[J, l] is the amount of flow on 
the hyperarc (J, l), and b k is the net demand at vertex k. If b k/> 0 for all 
k ~ V, then (P) is called a b+-Leontiefflow problem, abbreviated b+-LFP. 
There are some renowned results about special cases of LFPs. The class 
of ordinary network flow problems (where every hyperarc is a pure arc and 
ak[ J, l] is + 1) is one such special case in which it is well known that the LFP 
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has an integer optimal solution (if one exists), provided b is integer. In 
addition, Veinott (1968) gives a characterization for the polyhedron {x : Ax = 
b, x ~> 0} to have integral extreme points, provided the matrix A is integral 
and Leontief, and the vector b is integral and nonnegative. Jeroslow, Martin, 
Rardin, and Wang (1989) discuss some applications of LFPs, and they also 
show the same results as Veinott (1968), but with a directed-hypergraph 
approach. 
One of our main goals is to find classes of I_~ontief flow problems, other 
than ordinary network flow problems, that can be solved efficiently for 
arbitrary b. This will enable us, in future, to solve (P) graph-theoretically for 
arbitrary demand vector b. Our approach is to investigate structural charac- 
teristics of the underlying Leontief directed hypergraph. 
In the present paper we consider the special case where the coefficients 
ak[ J, l] are all + 1. In this case, (P) can be rewritten as min{¢x : Ax = b, 
x >~ 0}, where A is the vertex-hyperarc incidence matrix of a Leontief 
directed hypergraph G = (V, H). 
Let .g¢(G) =~t'(A) denote the matric matroid the element set of which is 
the hyperarc set H, the index set for the columns of A, and the independent 
sets of which correspond to the linearly independent subsets of columns of A. 
[For an introduction to matroid theory, see Welsh (1976), Bixby (1981), or 
Oxley (1992).] 
The first step toward a combinatorial gorithm for the flow problem is to 
describe the bases of Jt'(G) in terms of the hypergraph G. [For this purpose, 
the independent sets, bases, and circuits of .J~'(G) are referred to as the 
independent sets, bases, and circuits of G, respectively. As such, these are 
subsets of the hyperarcs of G, but when no confusion may arise, these 
subsets and the subgraphs they induce are regarded as equal.] For a general 
LDH G, this seems to be a very difficult problem. In this paper, we 
introduce several classes of Leontief directed hypergraphs and establish 
properties that may be used in graph-theoretic network flow algorithms. 
Section 2 provides the necessary definitions and preliminary results on 
Leontief directed hypergraphs. In Section 3, we show that exclusion of odd 
pseudocycles i necessary and sufficient for a 2-LDH to have a totally 
unimodular vertex-hyperarc incidence matrix. We also give a sufficient condi- 
tion for a general LDH to have a totally unimodular vertex-hyperarc inci- 
dence matrix. In Section 4, we consider the classes of Leontief directed 
hypergraphs obtained by excluding pseudocycles and pseudocycles together 
with doublecycles. For these two classes we give structural properties of the 
bases. We state a structural description of the circuits of a pseudocycle-free 
2-LDH in Section 5. In Section 6, we show that exclusion of pseudocycles 
and doublecycles i sufficient for a 2-LDH to represent a graphic matroid, 
and consequently, this class of 2-LDH matroids is shown to coincide with the 
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class of graphic matroids. Finally, in Section 7, we give several interesting 
examples of Leontief directed hypergraphs in order to establish the fact that 
the broader classes of 2-LDH's we consider are significantly richer than those 
that represent graphic matroids. 
2. DEF IN IT IONS AND PRELIMINARY RESULTS 
Before we present he main results of this paper, we develop structural 
properties and fundamental theory of Leontief directed hypergraphs. The 
basic results in this section are used to establish our main theorems later. 
Let G = (V, H)  be an LDH.  For e = (J, k) ~ H, the set of ends of e, 
denoted V(e), is J kJ k. For v ~ V, v is incident to e and e is incident to v 
if v ~ V(e). The degree of a vertex v ~ V is the number of hyperarcs 
incident to v. The LDH G '= (V', H ' )  is a subgraph of G if V'__ V, 
H '  ___ H, and for all e ~ H', the head of e in G' is the same as that in G, and 
the tail set of e in G' is the same as that in G. For a nonempty subset V'  of 
V, the subgraph of  G induced by V',  denote G[V'], is the subgraph of G 
whose vertex set is V'  and whose hyperarc set is the set of  those hyperarcs of 
G that have all their ends in V'. For a nonempty subset H '  of H, the 
subgraph of  G induced by H', denote G[H'], is the subgraph of G whose 
vertex set is the set of ends of hyperarcs in H '  and whose hyperarc set is H'.  
Let S = v o, e 1, v 1, e 2, v2 . . . . .  e k, v k, be a nonempty sequence such that 
for i = 1 . . . . .  k, Vo, v i ~ V, ei ~ H, and v i_ 1, vi ~ V(e~). Each hyperarc in 
S such that both v i_ 1 and vi are in t(e i) is called a tail-tail hyperarc of S. S 
is a pseudopathfrom v o to v k if the vertices and hyperarcs of S are distinct 
and V(ej)  (3 {v o, v 1 . . . . .  v k} = {v,_ 1, vj} for j = 1, 2 . . . . .  k. A pseudopath 
from v 0 to v k that has no tail-tai~ hyperarcs is a path f rom v o to v k. S is a 
pseudocycle if (a) all hyperarcs of S are distinct, (b) except for v 0 = v k, all 
vertices of S are distinct, (c) there is at least one tail-tail hyperarc in S, and 
(d) fo r j  = 1,2 . . . . .  k, V(ej)  f3 {Vo, V 1 . . . . .  v~} = {vj_l, vj}. An odd pseudo- 
cycle is a pseudocycle with an odd number of tail-tail hyperarcs. S is a cycle 
if (a) all hyperarcs of S are distinct, (b) v 0 = v k and all other vertices are 
distinct, (c) there are no tail-tail hyperarcs, and (d) V(ej)  (3 {v0, v 1 . . . . .  vk} 
= {v, 1, v,} for j = 1, 2 . . . . .  k. A cycle is pr/mary if it has the additional 
condition that for i, j = 1, 2 . . . . .  k, i ~ j, 
V(e,) n V(e j )  = { v~_ if j = i + 1, 1 if j= i -1 ,  
otherwise. 
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In Figure 1, (2, e 2, 3, el, 4, e 3, 6, ell, y, el0, 8) is a pseudopath from vertex 2 
to 8, (2, e 2, 3, e l, 4, e 0, 9, e 7, 2) is an even pseudocycle, (9, e s, 8, el0, 7, ell, 6, 
e3, 4, e~, 9) is a primary cycle, and (8, e 5, 3, ez, 2, e7, 10, es, 8) is a cycle in G. 
Let e = (J, k) be a pure hyperarc, and let u, v ~ J. A doublecycle is the 
subgraph induced by e together with the hyperarcs in some pseudopath from 
u to v that does not use e but goes through k. Figure 2 shows some 
examples of doublecycles. 
y 
FIG. i. A Leontief directed hypergraph. 
FIc. 2. Doublecycles. 
106 COLLETTE R. COULLARD AND PEH H. NG 
For u, v ~ V, u is connected to v in G if there is a pseudopath from u 
and v in G. A Leontief directed hypergraph G is connected if for every pair 
of vertices u, v, one has u connected to v. 
PROPOSITION 2.1. Connectivity in G is an equivalence relation on the 
vertex set V. 
It follows from Proposition 2.1 that there is a partition of V into 
nonempty subsets V1, V 2 . . . . .  V k such that two vertices in V are connected if 
and only if they belong to the same set V i for some i ~ {1, 2 . . . . .  k}. The 
subgraphs G[VJ ,  G[V~] . . . . .  G[V k] are called the components of G. Let 
to(G) denote the number  of components in any Leontief directed hypergraph 
G. 
PROPOSITION 2.2. Let G = (V, H)  be a Leontief directed hypergraph. 
Then fo r  every e ~ H, to(G) <<, to(G[H \ e]) ~< to(G) + [t(e)l. 
Proof. Let e ~ H. 
Case 1: e is a terminal hyperarc, i.e. e = (k, 0 )  or (0 ,  k). No pseu- 
dopath between any two vertices in V will ever use e. Hence to(G[H \ e]) 
= to(G) + It(e)l. 
Case 2: e(J, x o) ~ H, where J = x 1, x 2 . . . . .  xlj I. Let G= (V, H)  be 
the component in G that contains e. Define V i = {v ~ V : v is connected to 
x i in G via some pseudopath not containing e} for i = 0, 1,2 . . . .  IJI. Note 
that 
IJb 
i=0  
I f  V i N Vj = Ofor  i -~j, i , j  ~ {0,1 . . . .  
is a different component from G[VJ. 
IJI + 1. Hence 
, IJI}, thenby  Proposition 2.1, G[V i] 
So to(G[H \ e]) can be at most 
 (C[H \ el) -- . (C )  - 1 + \ el) 
<to(G) -  l+[ J l+  1 
= to(G) + IJI 
< to(G) + It(e)l. 
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For a given Leontief directed hypergraph G = (V, H), a cut-arc is a 
hyperarc e ~ H the deletion of which increases the number of components 
of G, i.e., oJ(G[H \ e]) > e0(G). 
PROPOSITION 2.3. Let G be a Leontief directed hypergraph, and let e be 
a pure hyperarc of G. Then either 
(1) e is a cut-arc or 
(2) there is either a pseudocycle or a doublecycle containing e. 
Proof. I f  e is a cut-arc then (1) is true. Suppose e = (J, k) is not a 
cut-arc. Then there must be some pseudopath from x to y in G[H \ e] 
where x, y ~ J. I f  this pseudopath does not contain k, then together with e 
it forms a pseudocycle. I f it does go through k, then together with e it forms 
a doublecycle. • 
3. TOTALLY UNIMODULAR LEONTIEF 
DIRECTED HYPERGRAPHS 
It is well known that the vertex-arc incidence matrices of directed graphs 
are totally unimodular. However, such a result does not hold for Leontief 
directed hypergraphs. 
In this section we introduce the class of LDHs with the property that 
each hyperarc has at most two tails. (Such a hypergraph is called a 2-LDH.) 
We prove that the vertex-hyperarc incidence matrix of a 2-LDH G is totally 
unimodular if and only if G has no odd pseudocycles. The absence of odd 
pseudocycles i  a necessary but not sufficient condition for the vertex-hyper- 
arc incidence matrix of a general LDH to be totally unimodular. We also 
prove a sufficient (but not necessary) condition for the vertex-hyperarc 
incidence matrix of a general LDH to be totally unimodular. 
First, we state some known facts about square matrices. A cycle matrix is 
an n × n (0, _ 1) matrix C with the property that if all the nonzero entries 
are replaced by i then C becomes a vertex-edge incidence matrix of a simple 
cycle (of an undirected graph). The size of C is n. A cycle matrix C is said to 
be odd if the number of - l 's in C has different parity than the size of C. 
From elementary linear algebra we have the following facts. 
FACT 1. I f  C is a cycle matrix, then the determinant of C /s 0, 2, or 
--2. 
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FnCT 2. A cycle matrix C is odd if and only if its determinant is +_ 2. 
LEMMA 3.1. Let B be a square matrix with exactly two nonzero entries 
in each column. Then B has a cycle submatrix. 
Proof. Replace each nonzero entry of B with a 1. This constructed 
matrix can be viewed as a vertex-edge incidence matrix of some undirected 
graph G = (V, E). Since IVI = IEI, G is not a forest and therefore contains a 
cycle C. The submatrix of B corresponding to C is a cycle matrix. 
We need the following theorem due to Camion (1965) in the proof of our 
next lemma. See Schrijver (1986) for the wording we use here. 
THEOREM 3.2. Let A be a (0, ___ 1) matrix. Then A is totally unimodu- 
lar if and only if every nonsingular submatrix of A has a column with an odd 
number of nonzero entries. 
LEMMA 3.3. Let A be a (0, +_ 1) matrix with the property that every 
column has at most three nonzero entries. A is totally unimodular if and only 
if A has no odd cycle submatrix. 
Proof. ~ : Assume that A is totally unimodular. I f  A has an odd cycle 
submatrix C, then by Fact 2, the determinant of C is either 2 or -2 ,  
contradicting that A is totally unimodular. 
: Assume A has no odd cycle submatrix. By Theorem 3.2, it suffices to 
show that every nonsingular square submatrix of A has a column with an odd 
number of nonzero entries. 
Let B be a nonsingular square submatrix of A. Suppose every column of 
B has an even number of nonzero entries. Since A has at most three nonzero 
entries in each of its column, all columns of B have exactly two nonzero 
entries. By Lemma 3.1, B contains a cycle submatrix C. We can permute the 
rows of columns of B so that the square submatrix C appears at its upper left 
comer, as shown below: 
The submatrix below C is a zero matrix because ach column of B has exactly 
two nonzero entries. Now, det C 4= 0, since det B = +__ det C det E. So det C 
is either 2 or -2 ,  by Fact 1. It follows from Fact 2 that C is an odd cycle 
matrix, a contradiction. • 
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LEMMA 3.4. Let G = (V, H)  be an LDH. Let A be the vertex-hyperarc 
incidence matrix of G. Then G has an odd pseudocycle i f and only if A has an 
odd cycle submatrix. 
Proof. ~ : Assume G has an odd pseudocycle, say P. Then consider the 
square submatrix A e of A defined by the rows and columns corresponding to 
the vertices and hyperarcs of P. Assume the rows of A e are ordered 
following a traversal of P. 
From the definition of pseudocycle, each column of Ap has exactly two 
nonzero entries, and so does each row. Since the sequence is alternately 
distinct vertices and distinct hyperarcs, and since adjacent vertices are 
incident to the same hyperarc, A e is a cycle matrix. 
The number  of - l ' s  in A e is the sum of the number  of nontail-tail 
hyperarcs in P and twice the number  of tail-tail hyperarcs in P. So the parity 
of the number  of - l ' s  in A e is the same as the parity of the number  of 
nontail-tail hyperarcs in P. In addition, the size of A e, say n, is the sum of 
the number  of tail-tail hyperarcs in P and the number  of nontail-tail 
hyperarcs in P. Since P is an odd pseudocycle, it has an odd number  of 
tail-tail hyperarcs, and thus n must be of different parity from the number  of 
nontail-tail hyperarcs in P. Hence, A e is an odd cycle matrix. 
: Assume A has an odd cycle submatrix, say A e, of size n. 
Consider the sequence P=vo,  e 1,v 1 , . . . ,e  k,v k, where v 0 =v  k and 
where vl, v 2 . . . . .  v k are the rows and e l, e 2 . . . . .  e k are the columns o fA  e in 
the order of a traversal of the simple cycle defined by A e. Now, v i_ 1, v~ 
V(e i) for i = 1, 2 . . . . .  k, the hyperarcs e~ are distinct, and the vertices v i are 
distinct, except that v 0 = v k. Since each column has exactly two nonzero 
elements, for any hyperarc e i we have V(e i) rq {v0, v 1 . . . . .  Vk} = {vi-1, vi}. 
Hence, the sequence P is a pseudocycle. 
Since A e is odd, the parity of n is different from the parity of the number  
of - l 's in Ae, which equals the parity of the number  of the columns with a 1 
and a - 1 in A e. Thus, the number  of columns with two - l 's in A e must be 
odd. Hence, P is an odd pseudocycle. • 
Now we state and prove the main theory of this section, which gives a 
characterization for totally unimodular 2-Leontief directed hypergraphs. 
THEOREM 3.5. Let A be the vertex-hyperarc incidence matrix of a 
2-LDH G = (V, H). Then A is totally unimodular i f  and only if G has no 
odd pseudocycles. 
Proof. ~ : Assume A is totally unimodular. Then by I_~mma 3.3, A has 
no odd cycle submatrix. Hence, by Lemma 3.4, G contains no odd pseudocy- 
cles. 
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An LDH G with no pseudocycle and non-totally-unimodular B. 
~:  Assume that G has no pseudocycles. Then A has no odd cycle 
submatrix, by Lemma 3.4. Hence, by Lemma 3.3, A is totally unimodular. • 
I f  G is a general LDH,  then by Lemma 3.4 and Fact 2, if the vertex-hy- 
perarc incidence matrix of G is totally unimodular, then G has no odd 
pseudocycles. However, the converse is not true. This is seen as follows. 
Figure 3 gives a general LDH,  G, whose vertex-hyperarc incidence matrix B 
is given below. Although G has no odd pseudocycle, its vertex-hyperarc 
incidence matrix B is not totally unimodular, because the determinant of B is 
2: 
B = 
1 1 1 1 
-1  -1  
-1  -1  
-1  -1  
Next we give a sufficient condition for the vertex-hyperarc incidence 
matrix of a general LDH to be totally unimodular. (Unfortunately, this 
condition turns out not to be necessary.) 
Let G = (V, H)  be a Leontief directed hypergraph, and let S = 
v 0, e 1, v~ . . . . .  e k, v k be a nonnull sequence such that for i = 1, 2 . . . . .  k, we 
have Vo, v~ ~ V, e i ~ H, and v i_ 1, vi ~ V(e~). S is called a structure-X if (a) 
all hyperarcs of S are distinct, (b) except for v 0 = vk, all vertices are distinct, 
and (c) there is at least one tail-tail hyperarc in S. An odd structure-X is a 
structure-X with an odd number  of tail-tail hyperarcs. 
REMARK. Any (odd) pseudocycle is also an (odd) structure-X, but since a 
structure-X is not required to satisfy (d) V(ej)  (3 {v 0, v I . . . . .  v k} = {vj_ l, vj}, 
j = 1, 2 . . . . .  k, not every strueture-X is a pseudocycle. 
THEOREM 3.6. Let G be an LDH,  and let A be its vertex-hyperarc 
incidence matrix. I f  G has no odd structure-X, then A is totally unimodular. 
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We postpone the proof of Theorem 3.6; we shall need the two lemmas 
below, which rely on the following transformation. 
Let G = (V, H)  be an LDH, and let e = (], k) E H be a pure hyperarc 
where J = {v l, v 2 . . . . .  vl}, l >i 3. Let G be obtained from G by removing e 
and replacing it by h = ({v 1, v 2 . . . . .  Vl- 1}, u) and g = ({u, vt}, k) where 
u ~ V and g, h ~ H. Figure 4 gives an example of such a transformation. 
LEMMA 3.7. Let G be an LDH, and let G be obtained from G via the 
transformation described above• Let A and A be the vertex-hyperarc inci- 
dence matrices of G and G, respectively. If A is totally unimodular, then A 
is totally unimodular. 
Proof• The matrices A and A have the following structures: 
A 
_~_ I)2 
V 1 
V \ V(e) 
FIG. 4. 
e 
1 
-1  
-1 
-1 
-1  
0 
0 
0 
k 
Vl 
l)l_ 1 
e and h, g. 
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U 
k 
1)I 
1 )1 -1  
I) 2 
1) 1 
V \ V(e)  
h 
1 
0 
0 
-1  
-1  
-1  
0 
0 
g 
-1  0 
1 
-1  
0 
B 
0 
0 
0 
0 
: C 
0 
Now, we pivot on the 1 in row u of A. Then the resulting matrix A' is 
U 
k 
V I 
1) 1 -1  
1) 2 
1) 1 
V \ V(e)  
h 
1 
0 
0 
0 
0 
0 
0 
0 
0 
g 
. 
-1  0 
1 
-1  
-1  
B 
-1  
-1  
0 
0 
C 
0 
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Since performing a pivot preserves the total unimodularity of a matrix,/~ 
remains totally unimodular. Consider the submatrix of P~ formed by deleting 
row u and column h. This submatrix is exactly the matrix A. Hence A is 
totally unimodular. • 
LEMMA 3.8. Let G be an LDH, and let G be obtained from G via the 
transformation described above, If  G has an odd structure-X, then G has an 
odd structure-X. 
Proof. Assume G has an odd structure-X, say P. If P contains neither h 
nor g, then P is an odd structure-X in G. If P contains g and not h, then 
replacing  by e results in an odd structure-X in G. Similarly, if P contains h 
and not g, then replacing h by e results in an odd structure-X in G. Finally, 
suppose P contains g and h. If P contains vertex u, then replacing h, u, g 
in P by e results in an odd structure-X in G. So assume P does not contain 
u. Then P = P1, h, P~, g, where h is a tail-tail hyperarc, g is not a tail-tail 
hyperarc, and PI, P2 are the subsequences of P that do not contain h nor g. 
Since P is odd, P1 and P2 have the same parity as the number of tail-tail 
hyperarcs. If that parity is odd, then P1 together with e is an odd structure-X 
in G. If that parity is even, then P~ together with e is an odd structure-X in 
G. Thus, G has an odd structure-X in either case. • 
Proof of Theorem 3.6. Suppose the theorem is false. Let G be a 
counterexample with 
f (G)= E It(e)l 
e: ]t(e)l~> 3
as small as possible. Then G has no odd structure-X, and the vertex-hyperarc 
incidence matrix A of G is not totally unimodular. 
By Theorem 3.5, G is not a 2-LDH. Hence, G contains at least one pure 
hyperarc, say e. Let G be obtained from G via the transformation described 
above. By Lemma 3.8, G has no odd structure-X and f (G)  <~ f (G)  - 1. 
Thus, by the choice of G, the vertex-hyperarc incidence matrix A of G is 
totally unimodular. But then, by Lemma 3.7, A is totally unimodular, a
contradiction. • 
We finish this section with an example of a LDH G with an odd 
structure-X whose vertex-hyperarc incidence matrix is totally unimodular. 
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Consider the following vertex-hyperarc incidence matrix: 
1 
2 
/k----- a 
4 
5 
6 
el e2 e3 
1 1 
-1  -1  1 
-1  -1  -1  1 
-1  -1  1 
1 
1 
1 
1 
Clearly, A is totally unimodular. However, the LDH G (in Figure 5) 
corresponding to A has an odd structure-X, namely, 2, el, 4, e3, 3, e2,2. 
4. STRUCTURAL PROPERTIES OF INDEPENDENT SETS 
Let G = (V, H)  be a 2-LDH. Let Jt'(G) denote the matric matroid on 
the element set H represented by A, where A is the vertex-hyperarc 
incidence matrix of G. In this section, we consider the following classes of 
Leontief directed hypergraphs: 
(1) 2-Leontief directed hypergraphs without pseudocycles or doublecy- 
cles. 
(2) 2-Leontief directed hypergraphs without odd pseudocycles. 
For G in each class, we give structural characteristics of G[ B ], where B is an 
independent set of Jt'(G). 
FIG. 5. 
q 
An LDH G with odd structure X and totally unimodular A. 
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LEMMA 4.1. Let G = (V, H) be a 2-LDH without pseudocycles or 
doublecycles. I f B c H, B ~ 0,  is an independent set of ~'(G), then G[ B] 
has a degree-1 vertex. 
Proof. Suppose the theorem is false, and let G and B constitute a 
counterexample with I BI as small as possible. Clearly, G[ B] is connected. 
First suppose G[ B ] has no pure hyperarcs. Then G[ B ] has only pure arcs 
and terminal arcs. Since G[ B] is connected and B is independent, G[ B] is a 
tree with at most one terminal arc. ( If  G[ B] has terminal arcs at vertices k 
and t, then these together with the pure arcs in the path from k to t in G[ B ] 
form a dependent set.) Since a tree has at least two vertices of degree 1, this 
G[ B ] has at least one vertex of degree 1. 
So, now assume G[B] has a pure hyperarc e = (J, k), where J = {t 1, t2}. 
Since G contains no pseudocycles or doublecycles, neither does G[ B]. By 
Proposition 2.3, e must be a cut-arc. I f  some component of G[ B \ e] is an 
isolated vertex, then G[B] has a degree-1 vertex incident to e. Assume each 
component of G[ B \ e] has at least one hyperarc. Since G has no pseudocy- 
cle, t 1 and t 2 are not in the same component in G[B \ e]. 
First assume that t 1 and k belong to the same component in G[B \ e]. 
Let G[B1] and G[B 2] be the two components of G[B \ e], and let t 2 be in 
G[B2]. See Figure 6. By the choice of G and B, both G[B 1] or G[B 2 ] have a 
degree-1 vertex. If  any one of these degree-1 vertices in either G[B 1 ] or 
G[B 2 ] remains degree-1 in G[B], then we are done. Otherwise, the degree-1 
vertices in G[B 1 ] and those in G[B 2 ] must be incident o e and are therefore 
contained in the set {t 1, t 2, k}. Let e 1 = (tl, k) ~ H be a pure arc, and let 
e 2 =(O, t~)~H be a terminal arc. Let G 1 =(V  1,H 1) and G 2 =(V  2 ,H 2) 
be obtained from G[B 1 ] and G[B 2 ] by adding e 1 and e 2, respectively. Now, 
CI C2 
FIG. 6. Components of G[B \ e] and G 1, G 2. 
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G 1 has no pseudocycles, doublecycles, or degree-1 vertices, and neither does 
G 2. By the choice of G and B, there is a circuit, say C 1, of ~'(G 1) containing 
e 1. Similarly, there is a circuit C2 of .*¢'(G 2) containing e2. We can scale the 
(linear dependence) multipliers of C 1 and C 2 so that the multiplier on e 1 is 
the same as that on e 2. However, using this same multiplier on e proves that 
(C 1 t.; Cz) \ {el, e2} t3 {e} is a dependent set contained in B 1 t_J B 2 U {e} = 
B, contradicting the independence of B. 
The case where t 1, t z, and k belong to three different components in 
G[B \ e] is similar. The only difference in the argument is that three 
terminal arcs, (O, tl), (Q~, t2), and (O, k) are added instead of one terminal 
arc and one pure arc. 
Hence G[ B ] contains adegree-1 vertex. • 
An extension of the above result to general LDH's can be found in Ng 
(1991). 
Lemma 4.1 says that the graph induced by an independent set of .*¢'(G) 
has a degree-1 vertex. So, in particular, we know that the graph induced by a 
basis of the vertex-hyperarc incidence matrix of a 2-Leontief directed hyper- 
graph without pseudocycles or doublecycles must have a degree-1 vertex. The 
following result is a direct consequence of the above lemma. 
THEOREM 4.2. Let A be the vertex-incidence matrix of a 2-LDH, 
G = (V, H), that has no pseudocycles or doublecycles. Then the bases of A 
are triangular (up to row and column permutations). 
Let A be the vertex-hyperarc in idence matrix of a 2-LDH. Note that any 
submatrix of A that contains a double cycle or a pseudocycle with at least one 
pure hyperarc is itself nontriangular. 
We can generalize the above theorem for LDHs without pseudocycles 
and doublecycles to the following one for LDHs without pseudocycles 
merely. 
PROPOSITION 4.3. Let G = (V, H) be a 2-LDH without odd pseudocy- 
cles. If B cc_ H, B --/= 0,  is an independent set of ~'(G), then G[B] has an 
odd-degree vertex. 
Proof. By Theorem 3.5, the vertex-hyperarc incidence matrix A of G is 
totally unimodular. Let B be the submatrix of A whose column set is B. 
Applying Theorem 3.2 to the transpose of A (which is also totally 
unimodular), we see that B has a row with an odd number of nonzero entries. 
Thus, G[ B ] has a vertex of odd degree. • 
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In this section, we state a structural description of the circuits of a 
pseudocycle-free 2-LDH matroid. 
Given a Leontief directed hypergraph G = (V, H), a cut-vertex is a 
vertex v ~ V such that H can be partitioned into two nonempty subsets H 1 
and He with V(G[H1]) N V(G[H2]) = {v}. 
Assume G is a pseudocycle-free 2-LDH. We begin by stating a useful fact 
that follows easily from total unimodularity: I f C is a circuit of ~¢'(G), then 
every vertex in C has an even degree in C. 
We proceed by describing two ways in which a circuit can be decomposed 
into two smaller circuits. 
Degree-2 Cut Split 
Let C be a circuit, and let v be a cut-vertex of C with degree-2 in C. Let 
H 1 and H e be the partition of C induced by t. Consider the graphs, C 1 and 
C2, obtained from G[ H 1 ] and G[ H 2 ], respectively, by inserting a new tailless 
arc e (called a marker arc), incident o t, in both C 1 and Cz. Then C 1 and C~ 
are both circuits. See Figure 7. 
Tripod Split 
Let C 2 be a circuit, and let g = ({u, v}, w) be a hyperarc of C 2. Suppose 
there is a pseudopath from u to v in G that contains w. Since G is 
pseudocycle-free, w is a cut-vertex of G[C 2 \ g]. See Figure 7. 
Let H a and H 4 be the partition of C 2 \ g induced by w, with u in H a 
and v in H 4. Without loss of generality, assume the degree of w in G[H 3] is 
even and the degree of w in G[H 4 ] is odd. I~t  C 3 be obtained from G[H 3] 
by inserting a (new) arc f = (u, v), and let C 4 be obtained from G[H 4] by 
inserting a (new) tailless arc f ,  incident to v. Then both C 3 and C4 are 
circuits. See Figure 7. 
A hyperarc circuit is a circuit C = {e, f, g,h}, where e is a pure 
hyperarc and f, g, h are each tailless arcs incident o the three vertices of e, 
respectively. See Figure 8. 
A primary-cycle circuit is obtained from a primary cycle by adding a 
tailless hyperarc incident to v, for each degree-i, vertex v in the cycle. See 
Figure 8. 
THEOREM 5.1. Let G = (V, H) be a pseudocycle-free 2-LDH, and let C 
be a circuit of Jt'(G). Then either G[C] is a pure cycle, or G[C] can be 
decomposed via cut splits and tripod splits into hyperarc ircuits and primary 
cycle circuits. 
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C3." 
FIc. 7. 
/ \  • f 
/ \  
il 
Example of a pseudocycle-free circuit. 
h_~-g  
Hyperarc circuit 
FIG. 8. 
Prlmary-cyde Circuit 
Examples of hyperarc and primary-cycle circuits. 
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6. GRAPHICNESS OF A CLASS OF  2-LDHS 
Since any directed graph is also a 2-LDH, it is conceivable that a subclass 
of the totally unimodular 2-LDHs is, in some sense, similar to the class of 
directed graphs, although its elements may not look like directed graphs. 
A 2-LDH is graphic if ~(G)  is graphic, that is, there exists a directed 
graph (a LDH with no pure hyperarcs and no terminal arcs) D such that 
.~'(G) ~.~'(D). [See Tutte (1965).] In this section we show that every 2-LDH 
without pseudocycles or doublecycles i  graphic. Thus, the class of matroids 
representable by 2-LDHs without pseudocycles or doublecycles coincides 
with the class of graphic matroids. 
THEOREM 6.1. Let G = (V, H) be a 2-LDH with neither pseuclocycles 
nor doublecycles. Then ~t'(G) is graphic. 
Proof. Apply induction on IV I. The theorem is clearly true for Iv I = 1. 
Assume the theorem is true for all G with Iv I ~< n - 1, and let G be a 
2-LDH with IV I --- n. By induction, we can assume that G is connected. 
First, suppose G has only pure arcs and terminal arcs. Let A be the 
vertex-hyperarc in idence matrix of G. Let K be obtained from A by adding 
a single row, the negative sum of the rows of A. Then K is the vertex-hyper- 
arc incidence matrix of a digraph, and therefore .4¢(G) is graphic. 
Assume G has a pure hyperarc, say e = (J, x3), where J = {x 1, x2}. By 
Proposition 2.3, e is a cut-arc, and by Proposition 2.2, G[H \ el has either 
two or three components. Moreover, since G is pseudocycle-free, x 1 and x z 
are not in the same component in G[H \ el. 
Case 1. G[H \ el has three components, G[H1], G[Hz], and G[H 3] 
containing x 1, x 2, and x3, respectively. Let G, be obtained from G[H~] by 
adding a new terminal arc e~ ~ H, incident o x~, for i = 1, 2, 3. See Figure 
9. 
REMARK A. For i = 1, 2, 3, let ~ be the collection of circuits of ~Lr(G i) 
that do not contain el, and let ~e, be the collection of circuits of ~'(G i) that 
contain e,. Then we have 
~=~u%u~u%,  
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G3: 2: 
FIG. 9. G1, G 2andG 3. 
where ~' is the collection of  circuits JKC(G) and ~'e = {(Ce~ \ {el}) t2 (Ce2 \ 
{e2}) t2 (Ce3 \ {e3}) U {e}: Ce, ~ ~e, for i = 1, 2, 3}. 
By the induction hypothesis, M(G i) = M(D i) for some directed graph D~ 
for i = 1, 2, 3. Thus there are arcs a i = (u i ,v i ) ,  u i ~ v i, in D i that corre- 
spond to .e i, for i = 1, 2, 3. Let D be obtained from D 1, D 2, and D 3 by first 
deleting a 1, a 2, and a 3, then identifying v 1 with v 3 and v 2 with u 1, and 
finally adding a new arc a = (u~, u3). See Figure 10. 
D:  
FIG. 10. The directed graphs D 1, D 2, 93, and D. 
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REMARK B. For i = 1, 2, 3, let ~ be the collection of circuits of .JC'(D s) 
that do not contain a s, and let 9¢~, be the collection of circuits of ~t~'(D s) that 
contain a s. Then we have 
• ~=~a U~ U~ U~,  
where 5ris the collection of circuits ¢ge(D) and ~ = {(Fal \ {al}) U (F~ \ 
{a~}) U (F~3 \ {a3}) U {a}: Fa, E~. ~a, for  i = 1, 2, 3}o 
Since .K(G s) -~t ' (D i) for i=  1,2,3, Remarks A and B imply that 
.JC'(G) ---.JC'(D). Therefore, .K(G) is graphic, as desired. 
Case 2. G[H \ e] has two components, namely, G[H l] and G[H~], 
containing { x l, x3} and x e, respectively. The rest of the argument is similar to 
that of case 1 except hat we add the pure arc e I = (x l, x 3) and terminal arc 
e e = (x~,Q~) to G[H l] and G[He], respectively, to obtain G 1 and G e. By 
induction, there are graphs D 1 and D e such that .4¢'(G 1) ~.d'(D 1) and 
Jt'(G 2) --~'( De). Let a s = (us, v s) be the arc of D i corresponding to e i in G i 
for i = 1, 2. Let D be obtained from D 1 and D e by deleting a 1 and a 2 and 
then identifying v1 with vz and u I with u e. It follows that ¢gt'(G) ---.~t~(D), 
implying that ~¢'(G) is graphic. • 
7. EXAMPLES OF NONGRAPHIC AND NONCOGRAPHIC LDHS 
We shall call a matroid M an LDH matroid if M can be represented by 
the vertex-hyperarc in idence matrix of an LDH. Similarly, we define 2-LDH 
matroids, odd-pseudocycle-free LDH or 2-LDH matroids, pseudocycle-free 
LDH or 2-LDH matroids, pseudocycle-and-doublecycle-free LDH or 2-LDH 
matroids, and odd-structure-X-free LDH matroids. 
In this section we shall exhibit examples of 2-LDH matroids which are 
nongraphic and which are noncographic. 
Let .d(K 5) and .~¢'*(K 5) denote the matric matroid of the graph K 5 and 
its dual matroid, respectively. The cographic matroid .4¢'*(K 5) is known to be 
nongraphic. The matroid R10 is a regular matroid that is neither graphic nor 
cographic matroid [see Bixby (1981).] 
Now, we will show that R10 and ~'*(Ks) can each be represented by an 
odd-pseudocycle-free 2-LDH. 
EXAMPLE 7.1. The digraph D 1 in Figure 11 is an orientation of K 5. 
Thus, .4¢'(D 1) ~V(Ks) .  The subset T = {1, 2, 3, 4} of the arcs of D 1 forms of 
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FIG. 11. Digraph D 1 that represents K 5. 
spanning tree of K 5 and thus a basis for ~gC(Dx). The fundamental circuit 
matrix of D 1 with respect o T is 
A 1 --~ 
1234a bc  d e f  
[i ° °i] 1000 01  1 -1  0100 10  0 -1  " 0011 O0 -1  0 
The corresponding fundamental circuit matrix of ~¢*(D 1) ----~*(K 5) is 
1 2 3 4abcdef  
--1 0 0 --110000i] I 0--i 001000~ 
- -1 -1  0 000100 
0 - -1  0 100010 " 
0 1 1 000001 
0 0 1 - -100000 
Now A~ is the vertex-hyperarc incidence matrix of the 2-LDH G 1 in Figure 
12. Therefore ~' (A~I) - - -p(K 5) is a 2-LDH matroid. Since A~ is totally 
unimodular, Theorem 3.5 implies G 1 is odd-pseudocycle-free. Since ,~'* (K 5) 
is nongraphic, this matroid is not a pseudocycle-and-doublecycle-free ma- 
troid, by Theorem 6.1. Indeed, the hyperarcs {1, 4, 2} form an even pseudocy- 
cle of G 1. 
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FIG. 12. A 2-LDH G 1 that represents K~'. 
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Similarly, ~g*(K3, a), the dual matric matroid of the graph K(3, 3) can be 
represented by the vertex-hyperarc incidence matrix of a pseudocycle-free 
2-LDH that contains a doublecycle. 
EXAMPLE 7.2. The following matrix is a standard representation matrix 
of R10: 
12345 a b c d e 
I ° °-1 !1 A2= 0 1000 -1  -1  0 0 001  00  -1  -1  -1  0 . 
00010 0 1 1 1 
00001 0 0 -1  -1  - 
Since A 2 is the vertex-hyperarc incidence matrix of the 2-LDH G 2 in 
Figure 13, R10 ---.d(G2). Theorem 3.5 implies that G 2 is odd-pseudocycle- 
free. Note that the hyperarcs {a, b} forms an even pseudocycle. 
8. CONCLUSIONS AND OPEN PROBLEMS 
In this paper, we have presented structural results in the theory of 
Leontief directed hypergraphs. An extensive treatment of the basics of 
Leontief directed hypergraphs as well as extensions of some results in this 
paper can be found in Ng (1991). 
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FIc. 13. A 2-LDH G 2 that represents R10. 
We gave a forbidden structure characterization of totally unimodular 
2-LDHs. The absence of odd pseudocycles turned out to be necessary but 
not sufficient for a general LDH to be totally unimodular. We gave a 
sufficient but not necessary condition for a general LDH to be totally 
unimodular. Identification of the structure the omission of which exactly 
characterizes totally unimodular LDHs is an open problem. 
We proved that the bases of a pseudocycle-and-doublecycle-free 2-LDH 
matric matroid are triangular. We also obtain a similar result in the case of 
odd-pseudocycle-free 2-LDHs, i.e., the subgraphs of those independent sets 
have odd-degree vertices. 
We gave a structural description of the circuits of pseudocycle-free 
2-LDH matroids. A natural unanswered question is: What do the circuits of 
odd-pseudocycle-free 2-LDH matroids look like? The structure of the cocir- 
cuits (the "dual" of circuits) of pseudocycle-and-doublecycle-free 2-LDH 
matroids is given in Ng (1991). 
Although pseudocycle-and-doublecycle-free 2-LDHs do not look like 
directed graphs, we proved that the matroids they induce are graphic. 
Finally, we exhibited some examples of odd-pseudocycle-free 2-LDHs 
whose underlying matroids are nongraphic. Therefore, this class of 2-LDHs 
properly contains networks. An intriguing open question is whether the class 
of pseudoeycle-free 2-LDH matroids properly contains that of graphic ma- 
troids. 
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